An imaging method of acoustic spinning modes propagating within a circular duct simply with surface pressure information is introduced in this paper. The proposed method is developed in a theoretical way and is demonstrated by a numerical simulation case. Nowadays, the measurements within a duct have to be conducted using in-duct microphone array, which is unable to provide information of complete acoustic solutions across the test section. The proposed method can estimate immeasurable information by forming a so-called observer. The fundamental idea behind the testing method was originally developed in control theory for ordinary differential equations. Spinning mode propagation, however, is formulated in partial differential equations. A finite difference technique is used to reduce the associated partial differential equations to a classical form in control. The observer method can thereafter be applied straightforwardly. The algorithm is recursive and, thus, could be operated in real-time. A numerical simulation for a straight circular duct is conducted. The acoustic solutions on the test section can be reconstructed with good agreement to analytical solutions. The results suggest the potential and applications of the proposed method.
I. INTRODUCTION
Research of duct acoustics has practical importance, such as to improve the understanding of sound transmission within a cochlea, 1 and has applications in pipe leakage detection and low noise turbofan engine design. 2 Various analytical 3 and numerical methods 4 have been developed, particularly for spinning modes at a tonal frequency, to give insights of the particular acoustic physics of the sound transmission and radiation. It could be interesting to visualize acoustic images of spinning modes in a duct cross section in real-time. Advanced signal processing theory was considered in this work to achieve the objective. A new testing method was developed and proposed that constitutes the main contribution of this paper.
Spinning acoustic modes are generally found in circular duct. In particular, the rotating fan and stator assembly is mainly responsible for the generation of the tonal spinning modes in engine applications. 5 A circular array with suitable layouts of speakers can be mounted on a pipe to stimulate a spinning mode. The sound propagation process can be simulated using different numerical models such as linearized Euler equations 3, 6, 7 and acoustic perturbation equations. 8, 9 Many beautiful numerical results of spinning modes have been generated in the literature. 3, 6, 10 Microphone arrays 11 are heavily studied and widely used in experiments for acoustic imaging. A series of experimental techniques have been developed for acoustic imaging of spinning mode sound source 12 and mode detection, using either in-duct sensor array 13, 14 or sensor array outside a duct. 2 However, an experimental technique for acoustic imaging of spinning mode propagation within the duct is still unavailable. In this work, a new method was developed for in-duct array with pressure sensors installed on the outer wall. The fundamental idea behind the proposed method shares the same theoretical background of previous works in real-time acoustic beamforming 15, 16 of coherent noise sources. 17 However, the previous beamforming works were conducted in frequency domain and noise sources were explicitly regarded as simple monopoles. The noise sources discussed in this work are spinning modes, which have a relatively more complex propagation model. The model was formulated in a modern control form, and a so-called observer was designed to infer acoustic velocities and pressures from the in-duct circular array measurements (see Fig. 1 ). Section II briefly introduces the preliminary knowledge of spinning modes and observer. Section III sets up the theoretical model of the proposed method. The operating steps are detailed in Sec. IV. A numerical case was conducted to validate the proposed method. Finally, Sec. V summarizes the present work.
II. BACKGROUND
A so-called observer based algorithm has been previously proposed 15, 16 for acoustic array beamforming. The basic idea was based on observer theory in classical control. The acoustic imaging method developed in this work shares the similar theoretical background. The essence of the proposed method is to recursively estimate time varying acoustic parameters (density, velocities, etc.) of a spinning mode with the knowledge of its dynamic model and measurements (sound pressure for the case). It is also worthwhile to notice the differences from the previous observer based beamforming method. First, the present problem of interest is transmission acoustic field imaging instead of noise source imaging. Second, the present problem is solved in time domain and the resultant model is governed by linear partial differential equations instead of ordinary differential equations. The issues due to those differences are to be addressed in the following paper. For convenience of readers, we first introduce the fundamental idea of observer theory in this section. More details can be found in any linear control textbook. 18 In classical control, a dynamic process can be generally described as a state space model
yðtÞ ¼ CxðtÞ;
where t is time, x and u represent internal states and inputs of the model, respectively, y denotes model outputs, and A, B, and C are dynamic, control, and output matrices, respectively. In this work, A, B, and C are time invariant, and y is the circular sensor array measurements, from which the acoustic variables x are hopefully inferred. The so-called observability in linear control theory defines a measure of how well those internal states could be deduced. 18 The observability of the state space model [Eqs. (1) and (2)] can be investigated by forming an observability matrix
where M is the rank of A. It has been proved that a system is observable if the rank of O equals M. Once a system is observable, it is possible to construct an observer to approximate the state X only with the knowledge of y. The observer has the form
where ðÁÞ denotes the approximation and L is the observer gain. It is straightforward that the estimation error e ¢ x Àx satisfies
which is achieved by subtracting Eq. (1) from Eq. (4). It can be seen that e converges to zero when t ! 1, as long as the real parts of all eigenvalues of the matrix (A À LC) are negative. It is worthwhile to mention that for the corresponding discrete system, e converges if all eigenvalues of the matrix (A À LC) drop in the unit circle. The problem of finding a proper L can be resolved straightforwardly for most cases in a couple of steps of trial and error.
III. THEORETICAL DEVELOPMENT
The problem of a spinning mode radiation of a duct is of particular interest in this work. The following work develops a model in the form of Eqs. (1) and (2) for spinning modes propagation. It is worthwhile to notice that all formulations are presented in a continuous time version, which is presumably regarded more natural to readers. In this work, the numerical implementation actually adopted a discrete time form that is a strictly discrete analog of the proposed method. In addition, to simplify the problem, the modeling error and measurement error are omitted here, which enables us to focus on central theoretical issues. The method proposed in this paper can be extended based on Kalman filter 19 to address modeling and measurement noise issues.
A. Mathematical model
Viscous dissipation and heat conduction are neglected for the studied sound propagation within a subsonic mean flow. The compressible Euler equations in cylindrical coordinates are used to model fluids around an axisymmetric duct, written in the conservative form as follows: 
where x is the axial coordinate, r is the radial coordinate, h is the azimuthal angle, q is the density, p is the pressure, u is the axial velocity, v is the radial velocity, and w is the azimuthal velocity. The perturbations of acoustic pressure, density, and 
where all variables are nondimensionalized using a reference length (R, the radius of the duct), a reference speed (the speed of sound), and a reference density (air density). For the idealized geometry with a straight and semi-infinite unflanged duct, the solutions of Eqs. (11)- (14) 
where M j ¼ u 0 =C 0 , C 0 is the speed of sound, c is the amplitude of the acoustic perturbation (the nondimensional value is normally less than 10
À2
), and J m is the mth-order Bessel function of the first kind. The real parts of the above formulations are acoustic solutions. The nth radial wavenumber, k r , of the mth spinning mode is the nth solution of the following equation determined by the hard-wall boundary conditions of the duct:
where R is the radius of the outer duct wall. The axial wavenumber, k x , of the mth mode can be subsequently calculated using
The choice of (6) in Eq. (20) is determined by the upstream/ downstream direction of the spinning wave.
B. State space model
It will be of practical importance to obtain acoustic images of spinning modes propagating within ducts. The image plane considered in this work is the duct cross section at the x location of sensor arrays. The imaging plane is discretized into an A Â B grid, where A and B are the gridpoint numbers in r and h coordinates, respectively. Both values should satisfy the Nyquist-Shannon sampling theorem, i.e., A > 2n and B > 2m, where n is radial mode and m is the circumferential mode. For simplicity, B is set to the sensor number of the circular array. For example, Fig. 2 shows the grids for a (m ¼ 3, n ¼ 1) spinning mode, the number of gridpoints in the radial direction is 8, and the number of gridpoints in the circumferential direction is 30. It is implicitly assumed that 30 pressure sensors are located on the outer ring to instantaneously capture sound pressure.
For brevity, the subscript m in Eqs. (11)- (18) is omitted in the rest of this paper. To construct a state space model for each single spinning mode, the following relations and approximations are adopted for Eqs. (11)- (14) at each gridpoint (a, b), where 1 a A and 1 b B:
(1) @=@x ¼ Àik x , using the spectral method; 
where the nondimensional q 0 equals p 0 . The complete equations of the state space model on the entire mesh (see Fig. 2 
In most practical tests, Eq. (24) only contains the contributions from those pressure sensors that are surface mounted on the hard wall of the duct, where v 0 and @p 0 =@r equal 0. It is easy to examine that the radial, axial, and circumferential velocities within the duct cross section are normally not observable only with measurements from those on-surface pressure sensors. The analytical solution of Eq. (15) is used to extend the system outputs, i.e., the sound pressure at r (0 r R) can be inferred from the measurements at outer radius R, according to the relation 
where the nondimensional value R is 1. According to control theory, the observability of the system [Eqs. (23) and (24)] can be determined by constructing a matrix using Eq. (3) and subsequently examining its rank. If the system is observable, an observer of Eqs. (4) and (5) can be constructed with a carefully chosen observer gain. In summary, Eqs. (11)- (14) describe an ideal mathematical model that is obtained by applying natural laws to the acoustical physics. In contrast, Eqs. (23) and (24) represent a reduced mathematical model that replaces partial differentials by finite difference terms. The particular finite difference schemes chosen in the reformulation could affect the final accuracy and efficiency. It is also worthwhile to note that the present output y only contains pressure information. It is also possible to regard velocity as known information, using high speed particle image velocimetry, and to infer the unknown sound pressure on the duct cross section. The theoretical method is still the same.
IV. NUMERICAL TESTS AND DISCUSSION
The attention of this work is focused on the theoretical development of a new testing method. A primitive numerical simulation was done to validate the proposed method. A noise source of a single spinning mode m ¼ 3, n ¼ 1 is assumed propagating within a straight duct. The amplitude of the sound source is 0.01. The sound is assumed tonal and the frequency is 400 Hz. The analytical solutions of sound (q 0 , u 0 , v 0 , w 0 ) at the nondimensional time t ¼ 1 and t ¼ 10 are calculated using Eqs. (15)- (18), where M j is set to 0. In the simulation, it is assumed that a circular array of 30 pressure sensors is surface mounted at a downstream position, x ¼ 0.1. As a result, only the pressure on the outer duct wall can be measured. All acoustic velocities on the whole cross section (where r 1) and sound pressure within the duct (where r < 1) are unknown. An observer in the form of Eqs. (4) and (5) is developed to reconstruct whole acoustic parameters from those pressure measurements at r ¼ 1. It is worthwhile to mention that Eq. (25) is adopted to generate an initial guess of p 0 at r < 1 from the measurements of p 0 at r ¼ 1. The observer based method is conducted as follows.
Step 1: Prepare the dynamics matrix A and the sensor matrix C according to Eqs. (23) and (24). It should be noticed that the discrete form with a sampling step dt has to be considered for practical cases. The discrete counterpart of A in continuous version is e Adt .
Step 2: Solve the observer gain L using the formula L ¼ ðA À PÞC À1 , which can be derived straightforwardly from Eq. (6). P represents observer poles that are deliberately chosen to stabilize the observer. In addition, suitable values of P can speed up the convergence of estimation errors. In this simulation, L is empirically set to 0.5I, where I is the identity matrix with a rank equal to the rank of A.
Step 3: Measurements of the sound pressure are generated by the circular sensor array installed on the outer wall. The measurements are simulated using Eq. (15) in this work. In addition, the initial guess of the sound pressure at r < 1 is approximated by Eq. (25). The resulted sound pressure solutions across the r-h section constitute y in Eq. (4).
Step 4: The observer is conducted to extract the approximation of sound parameters, such as q 0 , u 0 , etc., using Eqs. (4) and (5). It should be noticed that the acoustic system of interest is autonomous and thus the control matrix B is null.
Step 5:
Step 4 is instantaneously conducted for each sample. The observation error ðy ÀŷÞ is examined. If the error converges in a unacceptable slow speed, or even worse, the error is divergent, a different observer gain L should be considered.
We should emphasize that the key point in the above algorithm is the pole assignment of A À LC. A suitable pole should drop in the unit circle. Otherwise, the approximation of the resultant observer will blow up. When the amplitude of a complex valued pole is close to 0, the observer will converge quickly but be more sensitive to modeling and measurement errors. On the other hand, the convergence speed will slow, but be more robust to external noise. Hence, the value of 0.5 was empirically chosen here. In addition, for most cases with large order systems, we have to conduct generalized inversion to achieve C
À1
. The resultant, L, after the calculation will differ from the desired values. A robust and efficient pole assignment for a very large system is still an open problem.
The observer resultsx includingq 0 ,û 0 ,v 0 ,ŵ 0 can be plotted on the mesh. Figures 5 and 6 show the solutions at t ¼ 1 and t ¼ 10, respectively. In the initial observation at t ¼ 1, it can be seen thatq 0 satisfactorily approximates q 0 in Fig. 3 . Both the amplitudes and the profiles of the spinning mode agree well. However, compared to Fig. 3 , the amplitudes ofû 0 andŵ 0 are underestimated, whilev 0 is overestimated, in particular on the gridpoints local to the outer wall.
The distinctive quality of the proposed method is that the observer can be continuously conducted along with new array measurements and the approximation errors are gradually improved. Fig. 7 are nondimensionalized by the amplitude, which is 0.01 for the case. Each sample step is 0.01 s. It can be seen that the errors oscillate but converge in almost 100 steps. The errors ofq 0 andŵ 0 converge more rapidly. The oscillations of errors could be caused by the imaginary parts in the dynamics matrix A.
In addition, it can be seen that stationary errors less than 5% remain. In this work, the observer gain L was carefully chosen to set the eigenvalues (P) of (A À LC) to 0.5. In a discrete time real valued system, those eigenvalues ensure the convergence of observer errors to zero as t ! 1. As a result, it seems that those residues of errors violate the observer theory in classical control. The discrepancy can be explained by examining the dynamic matrix A of the acoustic system. The elements of A include imaginary parts and (A À LC) may not be normal. Hence, it could be improper to infer the entire dynamics of (A À LC) from its eigenvalues. Subtle mathematical manipulations could be needed, which calls for further investigations.
The acoustic system is originally described by partial differential equations [Eqs. (7)-(10)] and reformulated in ordinary differential equations [Eqs. (23) and (24)] by second-order finite difference methods. A higher-order scheme may be more preferable for acoustic modeling in terms of accuracy. 20 On the other hand, the hard-wall boundary condition ðv 0 ¼ 0Þ is implicitly enforced in Eq. (23). Different boundary conditions should be evaluated to improve the observation.
The above canonical problem verifies the essential ideas of the proposed new method. One may argue the effectiveness of the method for practical cases including measurement noise. For example, if the signal-to-noise ratio (SNR) is 10 dB, the observation errors rise up to almost 600% [see Fig. 8(a) ]. This issue can be addressed by applying Kalman filters 19 to the present wave problems. Given the statistical knowledge of measurement noise, it is possible to curtail the observation errors to an acceptable level [see Fig. 8(b) ]. It should be straightforward (although tedious) to design a Kalman filter for state space model in the form of Eqs. (21)-(24). The related algorithm is a little different from the aforementioned observer-based algorithm in this paper. Hence, more details are omitted for brevity.
We have conducted numerical simulations for inputs with various spinning modes at different frequencies. The outcomes suggest that the observation errors are insensitive to spinning mode errors in the state space model [Eqs.
(21)- (24)]. However, given an erroneous frequency, the observer performance deteriorates. Hence, the proposed method is narrowband. Different observers should be constructed if the input signal is broadband.
It is worthwhile to mention that a more practical duct case with a gradually varying cross section has also been considered. The preliminary results suggest that the proposed method is still effective in the estimation of the associated particle velocities.
The above simulations are conducted for a tonal sound of a single spinning mode. Practical systems generally include various spinning modes at broadband frequencies, which can be decomposed to a variety of tonal single spinning modes by Fourier transform and mode detection. After that, the proposed method can be applied to each component to reconstruct the related acoustic field. Although some issues are still to be addressed, the proposed method satisfactorily reconstructs most acoustic parameters only using measurements from a circular microphone array. In addition, the proposed observer could be performed in real-time in terms of its recursive nature.
V. SUMMARY
An imaging method for acoustic spinning modes propagating within a duct has been introduced in this paper. The new method is developed in a theoretical way. The fundamental idea behind the method was originally developed in control theory for ordinary differential equations. Spinning mode propagation in circular duct, however, is formulated by partial differential equations. For each single spinning mode at a tonal frequency, a finite difference technique is used to reduce the associated partial differential equation to a classical form of state space in control. A so-called observer can thereafter be constructed and applied straightforwardly. The complete acoustic solutions, including fluctuations of velocities and pressure, can be inferred by the observer from the pressure measurements of in-duct circular microphone array.
A numerical simulation of a single spinning mode at a tonal frequency for a straight circular duct has been conducted. The simulation generates pressure measurements of a circular array on the outer wall. The demonstration shows that the whole acoustic solution on the test section can be estimated with the proposed method. A generally good agreement is achieved compared with analytical solutions. The results suggest the potential and application of the proposed new method for acoustic imaging of spinning mode sound. For example, it is quite difficult, if not impossible, to measure the instantaneous fluctuations of acoustic velocities within a duct. In addition, the whole in-duct sound pressure distribution has to be measured using a rotating strut, where microphones are installed in the radial direction. Hence, the proposed method can extensively save those experimental efforts.
